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Abstract

The key aspect limiting resolution in crosswell
traveltime tomography is illumination, a well known
result but not as well exemplified. Resolution in
the 2D case is revisited using a simple geometric
approach based on the angular aperture distribution
and the Radon Transform properties. It is revised
the results that if an interface has dips contained
in the angular aperture limits in all points, it is
correctly imaged in the tomogram. In the inverse
sense, however, if an interface is interpretable from a
tomogram, even an aproximately horizontal interface,
there is no guarantee that it corresponds to a true
interface. Interpretation must be done always taking
in consideration the a priori information and the
particular limitations due to illumination. An example
of interpreting a real data survey in this context is also
presented.

Introduction

Crosswell traveltime tomography is an important tool for
characterizing aquifers and oil reservoirs (e.g. Harris et al.,
1995; Day-Lewis and Lane, 2004; Plessix, 2006), and
monitoring gas carbon sequestration in geologic formations
(e.g. Ajo-Franklin et al., 2007; Ajo-Franklin, 2009; Byun
et al., 2010). Obtained tomograms can also be used as
starting models for more elaborated inversion methods,
such as full waveform inversion (e.g. Wang and Rao, 2006;
Virieux and Operto, 2009).

It is widely recognized (e.g Menke, 1984; Rector III and
Washbourne, 1994; Goudswaard et al., 1998; Day-Lewis
and Lane, 2004) that in crosswell traveltime tomography
it is difficult to reconstruct high-angle interfaces due to
the absence of near-vertical rays. However, systematic
approaches to investigate data resolution which might be
easily adapted to particular designs are still necessary.
Here, it is resumed the approach of using the angular
aperture distribution, under the hypothesis that the interwell
media is homogeneous (Rector III and Washbourne, 1994),
now in concurrence with the Radon Transform properties
(Menke, 1984; Kak and Slaney, 2001), to characterize data
resolution in 2D crosswell traveltime tomography. Although
both elements are valid only for the straight-ray case, they
might constitute good approximations for the nonlinear
case, at least when the slowness contrasts are smaller
than 20% (Dines and Lytle, 1979; Bregman et al., 1989).

As result it is devised a framework to understand data
resolution primarily based on simple geometric elements.

Tomography as an inverse problem

Traveltime tomography obtains images of the Earth’s
subsurface based on wave propagation between sources
and receivers. Under the validity of the ray tracing
approach (Cerveny, 2005), the traveltime τ between a
source-receiver pair is given by

τ(s) =
∫
L

sd` (1)

where L is the ray path and s = s(`) is the slowness along
L.

Survey designs for geophysical applications usually
impose limited illumination as consequence of positioning
sources and receivers just in certain sectors of the R
boundary. In particular, for crosswell designs, sources and
receivers can be placed just in the boreholes.

Here it is considered the 2-D discrete version of the P-wave
crosswell tomography between two vertical boreholes. The
slowness is defined by s(x,z), where x and z axes coincide
with the top horizontal and left vertical boundaries of the
interwell region. This region is discretized in a rectangular
mesh containing N ordered elements with sizes ∆x and
∆z. The associated slowness values s j ( j = 1,2, ...N)
are arranjed in the vector array s ∈ RN . In addition, the
M available source-receiver pairs are ordered and the
measured traveltimes tobs

i (i = 1,2, ...M) are arranjed in the
vector array tobs ∈ RM . Thus, the crosswell traveltime
tomography problem can be formulated as

A(s) · s = tmod = tobs−n (2)

where A : RN → RM is a matrix array whose ı-th row
approximates the ray path L (Equation 1) for the ı-th source-
receiver pair, and tobs is assumed to be the sum of tmod ,
the parcel that can be explained by the model, and n, the
remaining parcel or “noise”.

In general A depends on s and Equation 2 is nonlinear.
There are several modelling approaches to this equation
(e.g. Vidale, 1988, 1990; Podvin and Lecomte, 1991;
Moser, 1991). In this study, it is used the approach of
Podvin and Lecomte (1991). If the slowness contrasts
are smaller than 20% (Dines and Lytle, 1979; Bregman et
al., 1989), the ray path can be approximated by just one
straight line, A is then constant and the inverse problem
is linear. In this case, the crosswell tomography can be
formulated as an incomplete Radon Transform (Kak and
Slaney, 2001; Menke, 2012).

Estimating the slowness distribution using just the least-
squares fitting of tmod and tobs in Equation 2 is an ill-posed
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problem because its solution is neither unique nor stable.
The classic approach to regularize this problem (Tikhonov
and Arsenin, 1977) is to impose also the criteria of smooth
variation of s(x,z) (in the `2 norm):

sest = argmin
s
{λ‖Ds‖2

2 +‖As− tobs‖2
2} (3)

where sest is an estimate of s, λ is the Lagrange multiplier,
and D is the finite difference operator approximating the
first or second order partial derivatives of s(x,z). In
general, a Lagrange multiplier should be chosen as the
smallest value that still guarantees solution stability under
noise variation (Tikhonov and Arsenin, 1977). Utilizing
the smoothness constraint results in obtaining diffuse
estimates for s(x,z) usually lacking information on edge
localization. This bias is intrinsically associated to the
smothness constraint.

Algorithms

In the linear case, it is used the Conjugate Gradient
algorithm. This algorithm was initialized with a
homogeneous media with slowness equal to the mean
slowness. For the nonlinear case, it is used the Gauss-
Newton-Marquardt method because of its fast convergence
to a local minimum, given a feasible starting point. This
point was chosen as the solution obtained with the
linear approximation to A. In all inversion examples
to be presented, 30 iterations were sufficient to ensure
convergence.

Resolution lack as result of limited illumination

The spatial variation of the angular aperture for an
homogeneous media (Rector III and Washbourne, 1994)
is shown in Figure (top). By dividing the interwell region in
nine equal area sectors, a simplified version of this figure
is shown as a diagram in Figure (bottom), where the
angular aperture in each sector is taken approximately as
the angular aperture at its centre. Based on the Fourier
Slice Theorem for the Radon Transform (Kak and Slaney,
2001), this diagram shows, in each sector, the range of dips
that an interface can take in order to be reconstructed.

Dantas and Medeiros (2015) concluded that if the interface
dip is contained inside the angular aperture limits, it is
correctly imaged in the tomogram. Unfortunately, the
inverse is not true, that is, if an interface is interpretable
from a tomogram, even an aproximately horizontal
interface, there is no guarantee that it corresponds to
a true interface. In addition, interfaces can be only
partially imaged. This result states the dilemma of ill-
posed inverse problems. In the inverse sense, there is no
guarantee of correspondence to the true distribution. Thus,
interpreting crosswell tomograms is a task intrinsically
different from interpreting complete illumination tomograms
because there is no guarantee of correspondence to
the true distribution, even if the interpreter confines
himself/herself to interpret features that would have been
hypothetically illuminated. Thus, interpretation must be
done taking in consideration always both the limitations
due to illumination and the available (or expected) geologic
information. In fact, the interpreter usually interprets
acceptable or expected features, even if he/she is not
aware of this fact.

Figure 1: Angular aperture as function of position in a
homogeneous media between two vertical boreholes (top)
and its simplified version (bottom). Sources and receivers
are shown in left and right boreholes, respectively. There
are 64 equally spaced sources (or receivers). The interwell
region was discretized with 64 x 64 equal area elements.

Application to real data

The ideas developed at Dantas and Medeiros (2015) are
applied to the real data set available in the net as a tutorial
test for the software Rayfract (Rayfract, 2014). These
crosswell traveltime data result from a survey performed
by the IGT (International Geophysical Technology ) in an
area of the Madrid-Barajas airport aiming to localize old
galleries. The same data were utilized by Gholami and
Siahkoohi (2010) for an inversion using joint sparsity
constraints and by Göktürkler (2009) for an inversion using
the smoothness constraint (1st order partial derivatives).
Here, it is used the same discretization adopted by Gholami
and Siahkoohi (2010) (128 × 64).

The available angular apertures (homogeneous media
approximation, Rector III and Washbourne (1994)) are
shown in Figure (left column). As consequence of a
lower X/Z ratio, as compared with the design used in
synthetic data (Figure ), the angular aperture is 30%
higher in the interwell central region. Tomogram obtained
with smoothness constraint (Equation 3) is also shown in
Figure (right column). The imaged features are similar to
the ones obtained by both Gholami and Siahkoohi (2010)
and Göktürkler (2009). The estimated background velocity
(1.8 m/ms - 2.0 m/ms) is consistent with the expected
velocity for satured unconsolidated sandy-clay materials
(Prasad et al., 2004), which can also be attributed to
possibly existent satured landfill material. Contrasting
to this background, there are both negative (lower than
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1.7 m/ms) and positive (higher than 2.1 m/ms) anomaly
regions.

Figure 2: Real data - Madrid-Barajas airport experiment.
Angular aperture as function of position in a homogeneous
media (left) and tomogram resulting from nonlinear
inversion using smoothness constraint (right, Equation 3).

Gholami and Siahkoohi (2010) highlighted the negative
anomaly, with velocity around 1.5 m/ms, located in the
interval depth 25 m - 28 m, interpreting it as water.
This is a plausible interpretation given that the anomaly
has shape compatible with a gallery and velocity value
also compatible with an expected infilling of this gallery
(water). The fact that this anomaly is positioned near
the interwell central region, where the angular aperture is
good, contributes to assign a relatively high confidence
degree to this interpretation. Based on the expected
rectangular shape for a gallery, one can even try to locate
both their horizontal and vertical edges, and to interpret the
positive anomaly above it as a thick horizontal cap, maybe
a human construction. However, more caution should be
taken when interpreting the positive anomalies localized
in the top, bottom, and upper-right vertical boundaries.
In the context, they possibly represent isolated blocks of
rock or even pieces of human constructions. Nonetheless,
it is difficult to interpret their shapes because of the low
illumination.

Conclusion

The key limitation of crosswell tomography is illumination,
a well known result but not as well stressed or exemplified.
Because illumination is always incomplete, estimating the
interwell velocity distribution from its tomogram is an ill-
posed problem because even uniqueness is guaranteed. In
this sense, interpreting crosswell tomograms is intrinsically
different from interpreting tomograms resulting from
complete illumination experiments. Taking an extrem case
as the key example, even if the interpreted interface
from a tomogram is approximately horizontal, there is
no guarantee that it corresponds to a true interface that
would be completely contained in the illumination limits.
Thus, interpretation must be done taking in consideration
both the available illumination and geologic information.
Simple guides to survey design were also derived from the
approach.
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